Introduction {#Sec1}
============

We consider disordered pinning models, which are defined via a Gibbs change of measure of a renewal process, depending on an external i.i.d. random environment. First introduced in the physics and biology literature, these models have attracted much attention due to their rich structure, which is amenable to a rigorous investigation; see, e.g., the monographs of Giacomin \[[@CR19], [@CR20]\] and den Hollander \[[@CR13]\].

In this paper we define a *continuum disordered pinning model* (CDPM), inspired by recent work of Alberts et al. \[[@CR4]\] on the directed polymer in random environment. The interest for such a continuum model is manifold:It is a *universal object*, arising as the scaling limit of discrete disordered pinning models in a suitable continuum and weak disorder limit, Theorem [1.3](#FPar3){ref-type="sec"}.It provides a tool to capture the emerging effect of disorder in pinning models, when disorder is relevant, Sect. [1.4](#Sec5){ref-type="sec"} for a more detailed discussion.It can be interpreted as an $\documentclass[12pt]{minimal}
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Renewal processes and regenerative sets {#Sec2}
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Main results {#Sec4}
------------
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### *Remark 1.2* {#FPar2}

As we discuss in Appendix , condition ([1.7](#Equ7){ref-type=""}) is a *very mild* smoothness requirement, that can be verified in most situations. E.g., it was shown by Alexander \[[@CR2]\] that for any $\documentclass[12pt]{minimal}
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### **Theorem 1.3** {#FPar3}
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We refer to Sect. [1.4](#Sec5){ref-type="sec"} for a discussion on the universality of the CDPM. We stress that the restriction $\documentclass[12pt]{minimal}
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Discussion and perspectives {#Sec5}
---------------------------

We conclude the introduction with some observations on the results stated so far, putting them in the context of the existing literature, stating some conjectures and outlining further directions of research.
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It is natural to interpret our results from this perspective. For simplicity, in the sequel we set $\documentclass[12pt]{minimal}
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We refer to \[[@CR10]\] for a general discussion on disorder relevance in our framework.
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Another important universal aspect of the CDPM is linked to *phase transitions*. We do not explore this issue here, referring to \[[@CR10], §1.3\] for a detailed discussion, but we mention that the CDPM leads to *sharp predictions* about the asymptotic behavior of the *free energy* and *critical curve* of discrete pinning models, in the weak disorder regime $\documentclass[12pt]{minimal}
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3\. (*Bessel processes*) In this paper we consider pinning models built on top of general renewal processeses $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau = (\tau _k)_{k\in {\mathbb {N}}_0}$$\end{document}$ satisfying ([1.1](#Equ1){ref-type=""}) and ([1.7](#Equ7){ref-type=""}). In the special case when the renewal process is the zero level set of a Bessel-like random walk \[[@CR1]\] (recall Remark [1.2](#FPar2){ref-type="sec"}), one can define the pinning model ([1.4](#Equ4){ref-type=""}), ([1.9](#Equ9){ref-type=""}) as a probability law on random walk paths (and not only on their zero level set).
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We stress that, starting from the zero level set $\documentclass[12pt]{minimal}
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Organization of the paper {#Sec6}
-------------------------

The rest of the paper is organized as follows.In Sect. [2](#Sec7){ref-type="sec"}, we study the properties of continuum partition functions.In Sect. [3](#Sec11){ref-type="sec"}, we prove Theorem [1.6](#FPar6){ref-type="sec"} on the characterization of the CDPM, which also yields Theorem [1.3](#FPar3){ref-type="sec"}.In Sect. [4](#Sec12){ref-type="sec"}, we prove Theorems [1.4](#FPar4){ref-type="sec"} and [1.5](#FPar5){ref-type="sec"} on the relations between the CDPM and the $\documentclass[12pt]{minimal}
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Continuum partition functions as a process {#Sec7}
==========================================

In this section we focus on a family $\documentclass[12pt]{minimal}
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                \begin{document}$$\big (\varvec{Z}^{\alpha ; W, \mathrm c}_{\hat{\beta }, \hat{h}}(s, t)\big )_{0\le s\le t <\infty }$$\end{document}$ of *continuum partition functions* for our model, which was recently introduced in \[[@CR10]\] as the limit of the discrete family ([1.21](#Equ21){ref-type=""}) in the sense of finite-dimensional distributions. We upgrade this convergence to the process level (Theorem [2.1](#FPar7){ref-type="sec"}), which allows us to deduce important properties (Theorem [2.4](#FPar10){ref-type="sec"}). Besides their own interest, these results are the key to the construction of the CDPM.

Fine properties of continuum partition functions {#Sec8}
------------------------------------------------
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Even though our main interest in this paper is for $\documentclass[12pt]{minimal}
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### **Theorem 2.1** {#FPar7}
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### *Remark 2.2* {#FPar8}
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### *Remark 2.3* {#FPar9}
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### **Theorem 2.4** {#FPar10}
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Proof of Theorem [2.1](#FPar7){ref-type="sec"} {#Sec9}
----------------------------------------------
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Step 1. *Moment criterion*. We recall a moment criterion for the Hölder continuity of a family of multi-dimensional stochastic processes, which was also used in \[[@CR3]\] to prove similar tightness results for the directed polymer model. Using Garsia's inequality \[[@CR17], Lemma 2\] with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi (x)=|x|^p$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (u)= u^q$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\ge 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$pq>2d$$\end{document}$, the modulus of continuity of a continuous function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:[0,1]^d \rightarrow {\mathbb {R}}$$\end{document}$ can be controlled by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |f(x)-f(y)| \le 8 \int _0^{|x-y|} \Psi ^{-1}\Big (\frac{B}{u^{2d}}\Big ) \mathrm {d}\varphi (u)&= 8 \int _0^{|x-y|} \frac{B^{1/p}}{u^{2d/p}} \mathrm {d}(u^q)\\&= \frac{8 B^{1/p}q}{q-2d/p} |x-y|^{q -2d/p}, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B=B(f)&= \iint _{[0,1]^d\times [0,1]^d} \Psi \left( \frac{f(x)-f(y)}{\varphi \left( \frac{x-y}{\sqrt{d}}\right) } \right) \mathrm {d}x\, \mathrm {d}y\\&= d^{q/2} \iint _{[0,1]^d\times [0,1]^d} \frac{|f(x)-f(y)|^p}{|x-y|^{pq}} \mathrm {d}x\, \mathrm {d}y. \end{aligned}$$\end{document}$$Suppose now that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(f_N)_{N\in {\mathbb {N}}}$$\end{document}$ are *random* continuous function on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0,1]^d$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm E[|f_N(x)-f_N(y)|^p] \le C|x-y|^\eta , \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C, p, q, \eta \in (0,\infty )$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$pq > 2d$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta > pq-d$$\end{document}$, uniformly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\in {\mathbb {N}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y \in [0,1]^d$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm E[B(f_N)]$$\end{document}$ is bounded uniformly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N$$\end{document}$, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{B(f_N)\}_{N\in {\mathbb {N}}}$$\end{document}$ is tight. If the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_N$$\end{document}$ are equibounded at some point (e.g. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_N(0) = 1$$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\in {\mathbb {N}}$$\end{document}$), the tightness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B(f_N)$$\end{document}$ entails the tightness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{f_N\}_{N\in {\mathbb {N}}}$$\end{document}$, by the Arzelà-Ascoli theorem \[[@CR6], Theorem 7.3\].
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Characterization and universality of the CDPM {#Sec11}
=============================================

In this section we prove Theorems [1.3](#FPar3){ref-type="sec"} and [1.6](#FPar6){ref-type="sec"}. We recall that $\documentclass[12pt]{minimal}
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We do not prove these facts, because we do not use them directly. However, as the reader might have noticed, the key results of this section are translations of analogous results for the Skorokhod topology \[[@CR6], [@CR14], [@CR21]\].

A.3 Restricted finite-dimensional distributions {#Sec16}
-----------------------------------------------
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------

We now give the proofs of the results stated in the previous subsections.

### *Proof of Lemma A.2* {#FPar21}
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### *Proof of Proposition A.3* {#FPar22}
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### *Proof of Proposition A.8* {#FPar24}
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Appendix B: Renewal estimates {#Sec19}
=============================
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Appendix C: An integral estimate {#Sec20}
================================

**Lemma C.1** {#FPar29}
-------------
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*Proof* {#FPar30}
-------
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Actually \[[@CR31]\] considers the non-conditioned case ([1.4](#Equ4){ref-type=""}), but it can be adapted to the conditioned case.
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